Associated and quasi associated homogeneous 
distributions (generalized functions) 

V. M. Shelkovich 

Abstract. In this paper analysis of the concept of associated homogeneous dis- 
tributions (generalized functions) is given, and some problems related to these 
distributions are solved. It is proved that (in the one-dimensional case) there ex- 
ist only associated homogeneous distributions of order k = 1. Next, we introduce 
a definition of quasi associated homogeneous distributions and provide a mathe- 
matical description of all quasi associated homogeneous distributions and their 
Fourier transform. It is proved that the class of quasi associated homogeneous 
distributions coincides with the class of distributions introduced by Gel'fand and 
Shilov [S] Ch.I,§4.] as the class of associated homogeneous distributions. For the 
multidimensional case it is proved that / is a quasi associated homogeneous distri- 
bution if and only if it satisfies the Euler type system of differential equations. A 
new type of T-functions generated by quasi associated homogeneous distributions 
is defined. 



1. Introduction 

1.1. Associated homogeneous distributions. First, the concept of associ- 
ated homogeneous distribution (AHD) (for the one-dimensional case) was introduced 
by I. M. Gel'fand and G. E. Shilov in the book jHl Ch.I,§4.1.]. Let us repeat their 
reasoning by almost exact quoting. 

Let us define the dilatation operator on the space X>'(R) by the formula U a f(x) = 
f(ax), a > 0. The definition of a homogeneous distribution {HD) is the following. 

definition 1.1. ( [U Ch.I,§3.11.,(l)], Ch.X,8.], [3 3.2.]) A distribution 
fo G V'{R) is said to be homogeneous of degree A if for any a > and G V{R) we 
have 

(/o(x),^(^)) = a A+1 </o(x)^(x)>, 
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i.e., 

(1.1) U a fo(x) = f (ax)=a x f (x). 

Thus a HD of degree A is an eigenfunction of any dilatation operator U a , a > 
with the eigenvalue a x , where A G C, and C is the set of complex numbers. 

It is well known that "in addition to an eigenfunction belonging to a given eigen- 
value, a linear transformation will ordinarily also have so-called associated functions 
of various orders" |S1 Ch.I,§4.1.]. The functions fi, f 2 , ■ ■ ■ , fk, ■ ■ ■ are said to be 
associated with the eigenfunction fo of the transformation U if 



(1.2) 



Uf 


= c/o, 


Ufi 


= c/i + df , 


Uh 


= cf 2 + dfx, 


Uf k 


> 

= cf k + dfk-t 



Consequently, U reproduces an associated function of kih order except for some 
multiple associated function of (k — l)th order. 

(Dl) Taking these facts into account, in the book 6, Ch.I,§4.1.], by analogy 
with Definition (jl.2|) the following definition is introduced: a function fi(x) is said 
to be associated homogeneous of order 1 and of degree A if for any a > 

(1.3) h(ax) = a x f 1 (x) + h(a)f (x), 

where f is a homogeneous function of degree A. Here, in view of ()1.1|) and (jl.2|h 
c = a x . As the second step, in O Ch.I,§4.1.] it is proved that up to a constant 
factor 

(1.4) h(a) = a A loga. 

Thus, by setting in the relation (jl.3J) c = a x and d = h(a) = a x log a, Definition (jl.3j) 
reads as the following. 

definition 1.2. (Gel'fand and Shilov [6, Ch.I,§4.1.,(l),(2)]) A distribution f x G 
X>'(R) is called associated homogeneous distribution (AHD) of order 1 and of degree A 
if for any a > and (p G T>(M) 

( A ' Kf ) ) = flA+1</i ' ^ + ° A+1 loga</ °' 

i.e., 

Uafi(x) = fi{ax) = a x fi{x) + a x logaf (x), 
where fo is a homogeneous distribution of degree A. 

It is clear that the class of AHDs of order k = coincides with the class of HDs. 
In the end, according to (jl.lj) . (jl.2|) . (|1.4j) . using c = a A and d = h(a) = a A loga, 
the following definition is introduced. 
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definition 1.3. (Gel'fand and Shilov [HO Ch.I,§4.1.,(3)]) A distribution f k e 
T>'{R) is called an AHD of order k, k = 2, 3, . . . and of degree A if for any a > and 

<p e V(R) 

(1.5) <p(1)) = a X+1 (f k , (p) + a x+1 log a(/ fc _x, p), 

where /&_! is an AHD of order fc — 1 and of degree A. 

In the book [13 Ch.I,§4] (see also the paper [HI Ch.X,8.]) it is stated (without 
proof) the following. 

Proposition 1.1. Any AHD of order k and of degree X is a linear combination 
of the following linearly independent AHDs of order k, A; = 1,2,... and of degree X: 

(a) x\ log fc x± for X ^ -1, -2, . . . ; 

(b) P^log*" 1 ^) for X = -1, -2, ... ; 

(c) (a; ± i0) x log fc (x ± zO) for all X. 

Definitions of the above distributions are given in Sec. El 

1.2. Main results and contents of the paper. In this paper analysis of the 
concept of associated homogeneous distributions (generalized functions) is given, and 
some problems related to this class of distributions are solved. 

Unfortunately, as it follows from Sec. 12 Definition 11.31 (Gel'fand and Shilov) 
of AHD for k > 2 is self- contradictory. In particular, it comes into conflict with 
Proposition 11.11 In Sec. EJ we prove that an AHD of order k is reproduced by the 
dilatation operator U a (for all a > 0) up to an AHD of order k — 1 only if k = 1. 
Thus in Definition ll.3l the recursive step for k = 2 is impossible. Consequently, there 
exist only AHDs of order k = 0, i.e., HDs (given by Definition II .lj) and of order 
k — 1 (given by Definition (jl.3|) or Definition 1 1.2j) . Definition 11.31 ffrom the book [SJ 
Ch.I,§4.1.,(3)]), which defines AHDs of order k > 2 describes an empty class. 

The cause is the following: any HD is an eigenfunction of all dilatation operators 
U a fo{x) = fo{ax) (for all a > 0), while any AHD is an eigenfunction of all dilatation 
operators only for k — 1. 

In Sec. E3 we study the symmetry of the class of distributions mentioned in 
Proposition 11.11 under the action of dilatation operators U a , a > 0. 

In Sec. El results of Sec. El lead to a natural generalization of the notion of 
the associated eigenvector (jl.2|) and imply our Definition 14.21 of a quasi associated 
homogeneous distribution (QAHD) of degree A and of order k by relation 

k 

U a f k (x) = f k (ax) = a x f k (x) + 1 ^2h r (a)f k ^ r (x), k = 0,1,2,..., V a > 0, 

r=l 

where f).^ r (x) is a QAHD of order k — r, h r (a) is a differentiable function, r = 
1,2, ... ,k. (Here for k = we suppose that the sum in the right-hand side of the 
last relation is empty.) 
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Thus the QAHD of order k is reproduced by the dilatation operator U a (for all 
a > 0) up to a linear combination of QAHDs of orders k — 1, k — 2, . . . , (see ()4.7|) ). 
Here the dilatation operator U a acts as a discrete convolution 

U a f k (x) = fk(ax) = (f(x) * h(a)) k 

of sequences f(x) = {f {x), fi(x), f 2 , . . . } and h(a) = {h (a) = a x , hi(a), h 2 (a), ...}. 

• According to Theorem 14 .2^ in order to introduce a QAHD of degree A and of 
order k one can use Definition 14 .HI instead of Definition 14. 2[ i.e., the relation 

k 

(1.6) UJ k (x) = f k (ax) = a x f k (x) + ^ a x log r af k _ r (x), V a > 0. 

r=l 

k — 0,1,2, ... ,. Here for k = we suppose that the sum in the right-hand side of 
the last relation is empty. 

• By differentiating relation (jl.6|) . it easy to prove by induction that if is a 
QAHD of degree A and of order k then its derivative with respect to A is a QAHD 
of degree A and of order k + 1 . 

• The sum of a QAHD of degree A and of order k, and a QAHD of degree A and 
of order r < k — 1 is a QAHD of degree A and of order k. 

• In view of Definitions 11.11 11.21 14.31 the classes of QAHDs of orders k = and 
k = 1 coincide with the class of HDs and the class of AHDs (in the Gel'fand and 
Shilov sense) of order k — 1, respectively. 

• According to Theorems 14.11 14.21 the class of all QAHDs coincides with the 
class of distributions 

AH (R) = span{4 log fc x±, P(x± n log" 1 " 1 x±) : 

A ^ —1, -2, . . . , —n, n, m e N, k G {0} U N}, 

introduced in the Gel'fand and Shilov book jSl Ch.I,§4.] as the class of AHDs (see 
Proposition I1.1JI . 

• According to Lemma 14.11 QAHDs of different degrees and orders are linear 
independent. 

In Sec. 03 multidimensional QAHDs are introduced. By Theorem 15 .21 it is proved 
that fk{x) is a QAHD of order k, k > 1 if and only if it satisfies the Euler type system 
of differential equations. This result generalizes the well-known classical statement 
for homogeneous distributions (see Theorem 15. 1|) . 

In Sec.ini a mathematical description of the Fourier transform of QAHDs is given 
for the multidimensional case. Moreover, T-functions of a new type generated by 
QAHDs are defined. In particular, for k = 1 these T-functions are calculated and 
thweir properties derived. 

Remark 1.1. In the papers PP, [2] a definition of an associated homogeneous 
p-adic distribution was introduced and mathematical description of all associated 
homogeneous distributions and their Fourier transform was provided. This defi- 
nition is the following: / G T>'(Q P ) is an associated homogeneous distribution of 



ASSOCIATED AND QUASI ASSOCIATED HOMOGENEOUS DISTRIBUTIONS 



5 



degree n a (x) and order k, k = 1, 2, 3 . . . , if for all if G T>(Q P ) and t G Q* 

k 

(1-7) (f'V(f)) =^a{t)\t\ p (f,^)+^am\p^gi\t\ p (f k - j ,^) 

3=1 

where is an associated homogeneous distribution of degree 7r a (x) and order 
j = 1, 2, . . . , fc, i.e. 

fc 

(1.8) /(te) = 7r a (t)/(x) + ^ 7r Q (t) log£ \t\ p f k -j(x), t G Q;. 

j'=i 

Here Q p is the field of p-adic numbers, Q* = Q p \ {0} is its multiplicative group; 
7c a is a multiplicative character of the field Q p ; T>(Q p ) is the linear space of locally- 
constant C-value functions on Q p with compact supports, T>'(Q P ) is the set of all 
linear functionals on T>(Q P ). 

One can see that a "correct" Definition 14.31 of a quasi associated homogeneous 
distribution is adaptation (to the case R instead of the field Q p ) of Definition (jl.7|) . 
(jl.8)) . However, in [J, [2] p-adic analog of Theorem 14. 21 has not been proved. 

2. Historical background, analysis, and comments. 

(D2) In contradiction to Definition 11.31 (Gel'fand and Shilov), in the paper of 
N. Ya. Vilenkin [SJ Ch.X,8.], based on the book jHj, the following definition is used. 

definition 2.1. (Vilenkin [£0 Ch.X,8.]) A distribution f k G V'(R) is called an 
AHD of order k, k = 2, 3, . . . and of degree A if for any a > 

f k (ax) = a x f k (x) + a x log fc a/ fc _i(x), 

where f k -i is an AHD of order k — 1 and of degree A. 

Here an analog of relation (jl.5|) is used, where in the right-hand side of (jl.5|) the 
term log a is replaced by log fc a. 

In the paper [HI Ch.X,8.] Proposition II. II is also given (without proof). 

Comments, (i) For example, according to Proposition ll.il log 2 (x-i-) is an AHD 
of order 2 and of degree 0. Nevertheless, we have for all a > 

log 2 (ax±) = log 2 x± + 2 log a log x± + log 2 a. 

which contradicts Definitions 11.31 12.11 

(ii) In Sec. EH relations (|3.7|) . (J3.11j) imply that in compliance with Proposi- 
tion x±logx± and P(x± n ) are AHDs of order k = 1 and of degree A and — n, 
respectively (in the sense of Definition II .2j) . However, for k > 2, relations (J3.7I) . 
(J3.ll)) imply that x± log h x± and P(x± n log fc_1 are not AHDs of order k (in the 
sense of the above Definition 11.31 or Definitio nal)) . This contradicts to Proposi- 
tion o 

(iii) It remains to note that the assumption that an AHD of degree A and of 
order k, k > 2 is defined by the Gel'fand-Shilov Definition 11.31 contradicts some 
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results on distributional quasi- asymptotics . Indeed, if we temporarily assume that 
an AHD of degree A and of order k is defined by Definition II. 3| in view of (|1.5J) . we 
have the asymptotic formulas: 

fk(ax) = a x f k (x) + a A loga/ fe _i(x), a -> oo, 
/*(-) = a ~ X fk{x) - a~ x \ogaf k _ 1 (x), a^oo. 

Here the coefficients of the leading term of both asymptotics fk-\{x) and — fk-i(x) 
are AHDs of degree A and of order fc — 1. 

In view of the above asymptotics, and according to QJ], [UJ Ch.I,Sec. 3. 3., Sec. 3.4.], 
the distribution has the distributional quasi- asymptotics fk-i(x) at infinity with 
respect to an automodel function aMoga, and the distributional quasi- asymptotics 
— fk-i(x) at zero with respect to an automodel function a~ A log fe a: 

(2l) fk(x) ~ fk-xip), x->oo (a A loga), 

M^) ~ -f k -i(x), x-^0 (a _A loga). 

Here both distributional quasi-asymptotics are AHDs of degree A and of order 
k — 1 (in the sense of Definition ll.3|) . k > 2. However, according to [5], [5) 
Ch.I,Sec. 3. 3., Sec. 3.4.], a distributional quasi-asymptotics is a homogeneous dis- 
tribution. Thus we have a contradiction. 

Remark 2.1. Let / fc e ^t7Y (K) be a QAHD of degree A and of order k, k > 1. 
In view of Definition 14.31 (see ()1.6|) ). we have the asymptotic formulas: 

a x f k (x) + J2r=i flA lo S r a fk-r(x), a ->• oo, 
a~ X fk(x) + Ylt=i(- 1 Y a ~ X lo § r af k -r(x), a -»• oo. 

Here the coefficients of the leading term of both asymptotics are homogeneous dis- 
tributions /o and (— l) fe /o of degree A. 

According to |H1 Ch.I,Sec. 3. 3., Sec. 3.4.] and formulas ()2.2|) . the distribution 
/a: has the distributional quasi-asymptotics fo(x) at infinity with respect to an au- 
tomodel function a A log fc a, and the distributional quasi-asymptotics (—l) k fo(x) at 
zero with respect to an automodel function a~ x \og h a: 

^ 23 ^ fk(x) ~ / (x), x->oo (a A log fc a), 

f k (x) Z (-l) k f (x), x^O (a~ x \og h a). 

In contrast to (|2.1)1 . both distributional quasi-asymptotics fl2.3|l are homogeneous 
distributions. This zs m compliance with the corresponding result from [HI 
Ch.I,Sec. 3. 3., Sec. 3.4.]: a distributional quasi-asymptotics is a homogeneous distri- 
bution. Thus our Definition 14.31 unlike Definition 11.31 implies the "correct" results 
on distributional quasi-asymptotics. 



fk(ax) = 
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(iv) Let us make an attempt "to preserve" Definition ()1.3|) by some minor tech- 
nical modifications. 

By analogy with relation (J1.3j) we will seek a function hi(a) such that if f 2 (x) is 
an AHD of order 2 and of degree A then for any a > 

(2.4) UJ 2 (x) = f 2 (ax) = a x f 2 (x) + ^(a)/^), 

where f\(x) is an AHD of order 1 and of degree A. 

Similarly to Ch.I,§4.1.], using ()2.4jl and Definition II .2) we obtain 

f 2 (abx) = (ab) x f 2 (x) + hiafyfrix) = a x f 2 (bx) + h x {a)h{bx) 

= a x (b x f 2 (x) + /n(6)/t(x)) + ^(a)(6 A /i(x) + & A log&/ (x)) 
= (a&) A / 2 (x) + (a A /n(6) + 6 A /n(a)) A(x) + h(a)b x log bf (x), 
where fo(x) is a HD of degree A. Then for all a, b > 0: 

(h^ab) - ^h^b) +b x h 1 (a))f l (x) - h^a^Xogbj^x) = 0. 

It is easy to prove that a HD of degree A and an AHD of order 1 and of degree A 
are linear independent (see below Lemma I4~T|) . Consequently, there are two possi- 
bilities. If hi(a) = then, according to ()2.4|) . f 2 (x) is a HD of degree A. If fo(x) = 
then hi(ab) = a x h\{b) + b x hi(a), hi(l) = 0. As mentioned above, the last equation 
has solution 1)1.4)1 . and, consequently, f 2 (x) is an AHD of order 1 and of degree A. 

Thus it is impossible even for k = 2 to preserve relation (jl.2)) for all dilatation 
operators U a f(x) = f(ax), a > 0. Consequently, it is impossible to construct an 
AHD of order k > 2 defined by relation 1)1.2)1 with the coefficients c = a x and 
d = h(a) = a A loga. 

Remark 2.2. Definitions 11.21 11.31 are given in compliance with the book 
Ch.I,§4.1.,(3)]. Thus, in the case of Definition 11.21 fwhich defines an AHD of order 
1) one can clearly see that a distribution f does not depend on a. In the case of 
Definition 11.31 (which defines an AHD of order k for k > 2), there is no clearness 
about independence of f^-i from a. However, it is impossible "to preserve" the 
definition Ch.I,§4.1.] even if we suppose that a distribution f k _i may depend on 
the variable a. 

Indeed, if we suppose that in Definition 11.31 ft-_i may depend on a, we will need 
to define AHD of degree A and of order k > 2 by the following relation 

f k (ax) = a x f k (x) + e(a)fk-i(x, a), V a > 0, 

where fk-i(x, a) is an AHD (with respect of x) of degree A and of order k — 1. It is 
clear that it is impossible to determine a function e(a). 

Thus, Definition 11.31 ffrom the book jUJ Ch.I,§4.1.,(3)] as well as Definition 12.11 
(from the paper Ch.X,8.]) define an empty class, and, consequently, the recursive 
step for k = 2 is impossible. 
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(D3) In the books of R. Estrada and R. P. Kanwal 0], [Jp, according to 1)1. 
1.211 . a concept of an associated homogeneous distribution is defined recursively. 



definition 2.2. (Estrada and Kanwal |3J (2.6.19)], (2.110)]) An associated 
homogeneous distribution f k G X>'(R) of order and of degree A is such that for any 
a > 

(2.5) /k(oaO = a x f k (x) + a x e{a)f k ^ l (x), 

where f k -i is an associated homogeneous distribution of order k — 1 and of degree A, 
and e(a) is some function. 

Next, in these books it is stated that formula (|2.5J) (i.e., formula |4j (2.6.19)], 
(2.110)]) implies the relation 

(2.6) e(ab) = e(o) + e(6), 
i.e., 

(2.7) e(o) = IHoga 

for some constant i^, which can be absorbed in f k -i [3J p. 67], [H p. 76]. Finally, 
the authors of these books conclude that in view of (|2.5j) - (|2.7jl one can define an 
associated homogeneous distribution of order k — 1 and of degree A by the following 
equality 

(2.8) f k {ax) = a x f k {x) + a x \ogaf k . 1 {x), Va > 0, 

where f k -i is an associated homogeneous distribution of order k — 1 and of degree A. 
Thus, Definition ()2.8j) (Estrada and Kanwal) coincides with Definition II .31 (Gel'fand 
and Shilov). 

Comments. Let us prove that formula (|2.5jl (i.e., formula jU (2.6.19)], [HJ 
(2.110)]) does not imply relation (|2.6jl for any k > 2. Indeed, in view of (|2.5jl we 
have for any a, b > 

(2.9) f k (abx) = (ab) x f k (x) + (ab) x e(ab)f k ^(x) = a x f k (bx) + a x e(a)f k ^(bx), 
and 

(21Q) fk(bx) = b x f k (x) + b x e(b)f k _ 1 (x), 

[ ' ' fk-i(bx)=b x f k _ 1 (x) + b x e(b)f k _ 2 (x), 

where f k _ 1 and f k ~i are AHDs of degree A and of order k — 1 and k — 2, respectively, 
e(a) is some function. By substituting relations ()2.10|) into ()2.9|) . we obtain 

(a6) A / fc (^) + (a6) A e(a6)/ fc _ 1 (x) 

= a A (& A /fc(^) + b x e(b)f k ^(x)) + a A e(a)(6 A /fe-i(x) + b x e(b)f k ^(x)). 
Thus we have for all a, b > 

(2.11) (e(a6) - e(a) - e(6))/ fc _i(x) - e(a)e(6)/ fc _ 2 (x) = 0, 

k — 1,2,.... Here we set f-i(x) = 0. 
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It is clearly seen that, in contrast to the above cited statement from 0], [5]) 
relation (j2.11j) is equivalent to relation ()2.6|) only if /fc_ 2 (x) = 0, i.e., k — 1. 

Indeed, setting k — 1, we calculate that e(a) = Kloga, i.e., (|2.8j) holds for = 1. 
Let k = 2. In this case using (j2.11j) and ()2.7j) . we obtain 

( log a& - log a - log 6) fi (x) - log a log bf {x) = 0, 

i.e., fo{x) = 0, which means that fi{x) is a homogeneous distribution, and conse- 
quently, we have a contradiction. 

(D4) It remains to note that in the book [7], the concept of AHD is not discussed. 
It is only stated that for the distribution P(x+ n ) "the homogeneity is partly lost". 
However, according to Definition 11.21 and Proposition ll.il fGel'fand and Shilov) this 
distribution is AHD of order 1 and of degree — n, i.e., has a special symmetry. 

Conclusion. The concept of associated homogeneous function has a misty pre- 
history. According to the above result, a direct transfer of the notion of the associated 
eigenvector to the case of distributions is impossible for k > 2. This is connected to 
the fact that any HD is an eigenfunction of all dilatation operators U a f(x) = f(ax) 
(for all a > 0), while for k > 2 no distribution x±\og k x±, P(x± n log fc_1 x±) is an 
AHD of all the dilatation operators. 



3. Symmetry of the class of distributions AHo(M) 

The distributions mentioned in Proposition 11.11 (so-called "pseudo-functions" ) 
are defined as regularizations of slowly divergent integrals. So, for all (p G P(M) and 
for Re\ > — 1 we set 

POO 

(3.1) (x\\og k x + ,tp(x)y= J x x \og k XLp{x)dx. 

For ReX > —n—1, A ^ —1, —2, . . . , — n, according to jHl Ch.I,§4.2.,(2),(6)], we have 

(x+log k x + ,<p(x)\ = [ x x \og k x (<f{x) - ^-(p (j) (0)"] dx 

Jo V j=o ^' 



x x iog fc m*) j!(A V/ +1)fc+1 ^ ) (Q). 

The last formula gives an analytical continuation of relation ()3.1|) . 

The distribution P(x+ n log fc x + ) (is not a value of distribution x+ \og k x + at the 
point A = —n) is the principal value of the function x+ n \og k x + . According to 
Ch.I,§4.2.,(4),(7)], we have 

(p(x~ n \og k x + ),v(x)) 
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j p poo / ^2 ■ __j s 

(3.3) ^ jf i""lflg* S ^(i) - J i V W(0) - V M (0)ff (1 - i) j <fa 

where H(x) is the Heaviside function. 

Other distributions mentioned in Proposition 11.11 are defined as the following. 

(scMog* x_, (f(x) ) = ( si log fc a; + , cp(— x)\, 

(3.4) , x ( ; 1 

P(xZ n log k x_),^x)) = f (P(x+ n \og k x + ),v(- 



-x 

for all (p G £>(R). 

Distributions (x ± iO) A log fc (x ± zO) are represented as linear combinations of 
distributions x± log x±, P(x± n log x±) Ch.I,§4.5.]. In particular, for all A [SJ 
Ch.I,§3.6.] 

(x±iO) A = x\ + e ±i7rA x A , A^-n, nGN; 

(X±l0) = P\X J =F (nZi)i > 

where the distribution P(s _n ) is called the principal value of the function x~ n . 
This distribution is a homogeneous distribution of degree — n. The distribution 
(a; ± «0) A log fc (a; ± iO) for A 7^ —1, —2, . . . can be obtained by differentiating the first 
relation in ()3.5)1 with respect to A. 

Let us consider how distributions from the class AHq(M) (mentioned above in 
Proposition II .1|) are transformed by dilatation operators U a , a > 0. 

1. For ReX > — 1, k G N and for all ip(x) G T>(R), a > definition (}3~Tj) implies 

x A log fc ^ (9 ) = flA+1 ^ WX^MO # 

k /•oo 

J>g*aCj / ^ A log fc - J ^(0^ 



k 



(3.6) = a A+1 <a; A log fc x+, <p(x)) + ]T a A+1 log J a</ A;fc _,(x), ^(x)>, 

i=i 

where f\-k~j{x) = C 3 k x\ \og k ~ 3 x + , C 3 k are binomial coefficients, j = 1, 2, . . . , k. For 
all A 7^ —1, —2, ... we define (13. 6|) by means of analytic continuation. Thus 

k 

(3.7) (a; A log fc x+ , ) = a x+1 (x x + \og k x+, <p(x)) £ a A+1 log' a(f x , k (x), <p(x)), 

i=i 

for all A / -1, -2, ... . 

2. For G N and for all tp(x) G P(R) definition (j3.3|) implies the following 
relations. 
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P{x~ n \og k x + ), V ^ 

= £ x' n \og k x (p(x/a) - J2 ^pV j) (0)) dx 

+ x~ n \og k x U(x/a) - J2 ^^V j) (0)\ dx 



= a 



-n+l 



1/a 



71-1 



+ 



/ C n \og k (aO^-J2^ ij KV) d Z 



3=0 
n—l 



= a ~ n+1 {J o r n iog fe «) ^(o - E |^(o)) di 

(3.8) = a"" +1 { E log r aC r k (P (x~ n log*- x + ) , ^)> - j^^h } , 



where 



/i 



(3.9) 

(b) a = 1: 



r=0 



fc+l-r 



P(x;"log fc x + )^(^)) = (P(x- n \og k x + ),^x)). 
(c) a > 1: 

'p(a;; n log* x + )^(- 



a- n+1 { J Q 1/a C n \og k (aO(^(0 - E Jr ' i(V ) * 
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71-2 



+ /V n iog fc K)(W) -^^(o)) d£ 

Jl/a V j=Q J 1 J 

(3.10) = a- +1 | |]log r a^(P(x;"log fc - r x + ),¥,(x)) + |^M/ 2 j, 



where 



1 log fc «) 1 fe+1 



i k + 1 

Thus, ra- (l3~TTH) imply 

'X 



fc+1 

(3.11) = a- n+1 {P(x- n log fc x+) , ^(x)> + £ a ' n+1 log*" a</„„ ;fc+1 _ r (x), tp(x)) 

r=l 

where f- n -o( x ) = (fe+iKn-i)' ^^" 1 ^^) and /-n;fc+i-r(^) = Q-P(z+ n log fe ~ r x+), r = 
1,2,..., A;. 

For distributions xMog fc x_, P(x_ n log fc x_) relations of the type (|3.7j) . ()3.11|) 
can be obtained from (|3.4|l . 

4. Quasi associated homogeneous distributions 

4.1. A class of distributions AHi(K). In Sec. [TJ it is recognized that the 
dilatation operator U a for all a > does not reproduce a distribution of order k 
from AHo(J&) with accuracy up to a distribution of order (A; — 1) from AHo(R). 
Moreover, in Sec. El it is recognized that the dilatation operator U a acts in A1-Lq{M) 
according to formulas ()3.7jl . ()3.11jl . Now by analogy with transformation laws (|3.7j) . 
(|3.11|) we introduce the following definition. 

definition 4.1. A distribution f\. k 6 X>'(R) is called a distribution of degree X 
and of order k, k = 0, 1, 2, . . . , if for any a > and </? G P(M) 

k 

(4.1) (/ A;fc (x), ^(i) } = a x+1 (f X;k (x), <p{x)) + £ a A+1 log r a</ A;fc _ r (x), ^(x)>, 

r=l 

i.e., 

k 

(4.2) U a f X ;k(x) = f\- k {ax) = a x f X ;k(x) + ^a x log r af x - k - r (x), 

r=l 

where f\-k- r (x) is a distribution of degree X and of order k — r, r = 1,2, . . . , k. Here 
for /c = we suppose that sums in the right-hand side of (j4.1|) . ()4.2j) are empty. 
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Let us denote by AT~Ci(M.) a linear span of all distributions f\-k{x) G T>'(M) of 
order k and degree A, A G C, k = 0, 1, 2, ... , defined by Definition 14.11 

In view of Definitions II. 1| II. 2| 14. 1[ a HD of degree A is a distribution of order 
k = and degree A, and an AHD of order 1 and degree A is a distribution of order 
k = 1 and degree A. According to (|3.7|) . (|3.11jh x^log fe a;±, and P(a;± n log fc_1 x±) 
are distributions of order k and of degree X, and —n, respectively. Thus ^47Yo(K) C 

Remark 4.1. A sum of a distribution of degree A and of order k (from AHi(M.)) 
and a distribution of degree A and of order r < k — 1 (from AHi(M)) is a distribution 
of degree A and of order k (from AHi(M.)). 

Lemma 4.1. Distributions from AH\(M.) of different degrees and orders are linear 
independent. 

Proof. This lemma is proved in the same way as the analogous result on linear 
independent homogeneous distributions from jfjj §3. 11. ,4.]. 
Suppose that 

c l f 1 (x) + --- + c m f m (x) = 0, 

where f s (x) G AH\{R) is a distribution of degree A and of order k s , such that all 
A s or k s , s — 1,2, ... ,m are different. Then, by Definition 14.11 for all a > and 
(p(x) G Z>(R): 

Cl a Al ((f l (x), <p{z)) + J2 ^ a (fL-r(x), Viz))) 

(r ( X ), <p{ X )) + J2 lo s r *(fZ-r(*), = o, 

r=l ' ' 

where fk s -A x ) e ^4Wi(M) is a distribution of degree A and of order {k s — r), r = 
1,2, s = 1,2, ...,m. 

If all A s are different, by choosing different values a, it is easy to see that, c s = 0, 
s — 1, 2, . . . , m. 

If, for example, Ai = A2 and ki > k 2 , then for all a > and tp(x) G X>(R) we 
have 

fei 

r=l 

fc 2 

+c 2 ((/ 2 (x), tp(x)) + E log r a(/, 2 2 _ r (x), <p(x))) = 0. 

r=l 

The last relation implies that CifL r (x) — 0, r = fc 2 + 1, . . . , k\, and, consequently, 
Ci = 0. Consequently, c 2 = 0. □ 
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Theorem 4.1. Every distribution f G AHi(M.) of degree A and order fceN (up 
to a distribution of order < k — 1) is a sum of linear independent distributions 

(a) Cx\\og k x±, ifX ^ -1,-2,.../ 

(b) CP(x± n log fc_1 x±) , if A = —n, n6N, where C is a constant. 

Thus AH\(M) = AHo (R), i.e., i/ie c/ass ^47ii(R) coincides with the Gel' f and 
and Shilov class AHo(M) from Proposition }! .11 

Proof. We prove this theorem by induction, (a) Let us consider the case A ^ 
— 1, — 2, . . . . According to Definitions II .21 |4~TI a distribution f x G AHi(M) of degree 
A and order k = 1 is an AHD of degree A and order k = 1, and for all a > satisfies 
the equation 

(4.3) A (as) = a x f 1 (x) + a x \ogaf (x), 

where fo(x) is a HD of degree A. In view of Theorem jUJ Ch.I,§3.11.], fo(x) = 
A1X+ + A 2 x x _^ where A±, A2 are constants. If we differentiate (|4.3|) with respect to 
a and set a = 1, we obtain the differential equation 

(4.4) xf[ (x) = \f\ (x) + A±x\ + A 2 x^ . 

For ±x > the last equation can be integrated in the ordinary sense. 

Thus, for x > equation (|4.4jl coincides with the equation xf[(x) = Xfi(x) + 
Aix+. Integrating this equation, we obtain fi(x) = Aix+ logx + + B1X+, where B\ 
is a constant. Similarly one can prove that fi(x) = A 2 x x _ logx_ + B 2 x x _ for x < 0. 
Thus the distribution g(x) = fi(x) — Aix+ — A 2 x x — Bix\ — B 2 x x satisfies equation 
(|4.4jl being concentrated at the point x — 0. Therefore, g(a;) = 52 m=0 C m (5' m '(a;), 
where C±, . . . ,Cm are constants. However, since 5^ m \x) is a HD of degree — m — 1, 
in view of Lemma f4.ll q(x) = 0. Thus 

fi(x) = A 1 x x _\ogx+ + A 2 x x __ logx_ + Bxx^ + B 2 x x . 

Consequently, up to a distribution Bix\ + B 2 x x G AHi(M) of order 0, we have 
fi (x) = Aix x log x + + A 2 x x log X- . 

Let us assume that a distribution fk-i(x) G ^47Yi(R) of degree A and order (k — 1) 
is represented in the form of a linear combination 

fe-i 

(4.5) fk-i(x) = ( A ij x i lo S J x + + A 2jX- log j x_) . 

3=0 

A distribution G *4.7Yi(R) of degree A and of order k > 2 satisfies ()4.2j) for 
all a > 0. By differentiating this equation with respect to a and setting a = 1, we 
obtain 



(4.6) 



x f'k( x ) = ^fk(x) + fk-i(x). 
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Taking into account ()4.5|) and integrating ()4.6|) for i ^ 0, we calculate 

fk(x) = J2 (^Tt4 lo S J+1 x + + ~~T7 X - lo s' +1 x -) + B ^ x + + B * x -' 
j^\J + 1 J + 1 J 

where Bi, B 2 are constant. By repeating the above reasoning we obtain that 
h(x) = ^4 log fe x + + log* X. 

up to distributions of degree A and of order < k — 1. 
Hence, by induction the case (a) is proved. 

The case (b), when A = — n, n£N, can be proved similarly to the case (a). □ 

4.2. QAHDs. Taking into account relations (|3.7|) . ()3.11jh and by analogy with 
(|1.3|) we introduce the following definition. 

definition 4.2. A distribution G V(M.) is called a quasi associated homoge- 
neous distribution of degree A and of order k, k = 0, 1, 2, 3, . . . if for any a > and 

(p e V(R) 

k 

= « A+1 (/fc(^)^(^)) +5^^r(a)(/fc-r(^),^(^)), 

r=l 

i.e., 

fe 

(4.7) U a f k {x) = fk(ax) = a x f k (x) + ^ h r (a)f k „ r (x), 

r=l 

where f^ r (x) is a QAHD of degree A and of order k — r, h r (a) is a differentiable 
function, r = 1, 2, . . . , k. Here for k = we suppose that sums in the right-hand 
sides of the above relations are empty. 

Let us denote by A7i(M.) a linear span of all QAHDs of order k and degree 
A, A G C, k = 0, 1, 2, ... , defined by Definition lOl In view of Definition HHJ 
AHiiR) C AH(R). 

Theorem 4.2. Any QAHD f k (x) of degree A and of order k, k = 0, 1, . . . (see 
Definition 14. 2|) is a distribution of degree A and of order k (from ATCo(R)) (see 
Definition ^ .11 and Theorem 14. z.e. ; fk(x) satisfies relation f!4.2|) . 

r/ins ^47i(lR) = ^47io(^); 2.e. ; t/ie class AH(R) coincides with the Gel'fand and 
Shilov class AHo(M.) from Proposition }!. 11 

Proof. We prove this theorem by induction. 

1. For k = 1 this theorem is proved in the book [(jj Ch.I,§4.1.] (see also Sub- 
sec. HH}. 

2. If k = 2, according to Definition 14.21 for a QAHD f 2 (x) of degree A and of 
order k = 2 we have 

(4.8) f 2 (ax) = a x f 2 (x) + h 1 (a)f 1 (x) + h 2 (a)fo(x), V a > 0, 
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where fi(x) is an AHD of degree A and of order k = 1, fo(x) is a HD of degree A, 
and hi(a), h 2 (a) are the desired functions. 

Taking into account that f\(bx) = b x j\(x) + b x logbfy (x), where /d (x) is a 
HD of degree A, in view of ()4.8|) and Definition 11.21 we obtain for all a, b > 0: 

f 2 (abx) = (ab) x f 2 (x) + hi(ab)fi(x) + h 2 (ab)f (x) 

= a x f 2 (bx) + h!(a)fi(bx) + h 2 (a)f (bx) 

= a x (b x f 2 (x) + hxiQMx) + h 2 (b)f (x) 



+h 1 (a)[b x f 1 (x)+b x logbfl ) 1 \x)j+h 2 (a)b x f (x) 
■ (ab) x f 2 (x) + (a A /n(6) + b x h l {a])f 1 {x) 

+ {a x h 2 (b) + h 2 (a)b x )f (x) + htia^logbf^ix). 



Obviously, this implies that for all a, b > 
h^ab) - a x h x {b) - b x h x {a)]j x {x) 



(4.9) +(h 2 (ab) - a x h 2 (b) - b x h 2 (af) f (x) - /n(a)6 A log6/ (1) (x) = 0. 

According to PI Ch.I,§3.11.], there are two linear independent HDs of degree A, 
such that every HD is their linear combination. Thus there are two possibilities: 
either fo(x) and fo(x) are linear independent HDs, or fo(x) = Cfo(x), where C 
is a constant. 

Thus in the first case, since in view of Lemma l4~Tl a HD and an AHD of order 1 are 
linear independent, relation (J4.9|) implies h\{a) = and h 2 (ab) = a x h 2 {b) + b x h 2 (a). 
The solution of the last equation constructed in [fjj Ch.I,§4.1.] (see also Subsec. lTTj) . 
is given by (jl.4j) . i.e., h 2 (a) = a A loga. Thus, relation f)4.8j) . Definition 11.21 and 
Theorem 14.11 imply that f 2 (x) is an AHD of order 1. Consequently, we obtain a 
trivial solution. 

In the second case, in view of Lemma l4~Tl fo(x) and fi(x) are linear independent, 
and, consequently, relation (J4.9|) implies the system of functional equations: 

h 1 (ab) = a x h 1 (b) + b x h 1 (a), 

(4.10) 

h 2 (ab) = a x h 2 ( y b) + h 2 (a)b x + Ch 1 (a)b x \ogb, V a, b > 0, 

where h^l) = 0, h 2 (l) = 0. According to Ch.I,§4.1.] (see also (Hill)), h x {a) = 
a A loga. Then the second equation in ()4.10|) implies that 

(4.11) h 2 (ab) = h 2 (a)b x + a x h 2 (b) + C(ab) x \ogalogb 
and, consequently, the function h 2 {a) = ^|x^ satisfies the equation 

(4.12) h 2 (ab) = h 2 (a) + h 2 (b) + Clog a log 6, Va,6>0. 
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Making the change of variables ip 2 {z) — h 2 (e z ), where ^2(0) = and a = e^, b = e v , 
we can see that (j4.12j) can be rewritten as 

(4.13) ik{Z + v) = Mt) + ii>2(v) + cZ7i, ve,»7- 

We will seek a solution of equation (|4.13jl in the class of different iable functions. 
Differentiating relation (j4.13|) with respect to rj, we obtain for all £, 77 

m + v)=^ 2 (v) + c^ V 2 (o) = o. 

Setting 77 = in the last equation, we have the differential equation 

^(O = ^(o) + ce, ^ 2 (o) = 0, 

whose solution has the form 

Since a = e^, then h 2 (a) = A 2 log a + y log 2 a and 

C 

(4.14) /i 2 (a) = A 2 a A loga + — a A log 2 a, 

where A 2 = h' 2 (l) = h' 2 (l) is a constant. 

By substituting functions hx(a), h 2 (a) given by (jl.4j) . (|4.14|) into ()4.8|) . we obtain 

/ C \ 

f 2 {ax) = a x f 2 (x) + a x \ogafi(x) + \A 2 a x log a + — a A log 2 ajf (x). 

The last relation can be rewritten in the desired form (|4.2|) : 

(4.15) / 2 ((ii) = a A / 2 (x) + a A loga/i(a;) + a A log 2 0/0(2), V a > 0, 

where f%(x) = /i(x) + A 2 /o(aO is an AHD of degree A and of order k = 1, fo(x) = 
^fo(x) is a HD. Thus f 2 (x) is a distribution of degree A and of order 2 (in the sense 
of Definition I4.1J1 . and, according to Theorem 14.11 f 2 (x) G AHo(R). 

3. Let fk(x) be a QAHD of degree A and of order k. Let us assume that any 
QAHD fj(x), j = 0, 1, . . . , k — 1 is a distribution of degree A and of order j (in 
the sense of Definition 14. lj) . Then, according to Theorem 14. 1\ fj(x) G AHq(M) and 
relation (|4.2j) holds. Thus, in view of our assumption, (|4.7jl and ()4.2|) imply for all 
a, b > 0: 

fk(abx) = {ab) x f k (x) + h r (ab)f k „ r {x) = a x f k (bx) + ^ K{a) f k _ r (bx) 

r=l r=l 
fc 

= a X (b X f k (x) +J2 h r( b )fk-r(x)) 
r=l 

fc-1 fc-r 

+ £ /i r (a) (V/ fc _ r (x) + ]T 6 A log' bf^;}.{x)) + h k (a)b x f (x) 

r=l jr'=l 
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k 



r=l 

k—1 k—r 



! k-r-j\ x )' 



r=l j=l 

where fj^2Ax) is a distribution of degree A and of order k — r — j (in the sense of 
Definition I4.1|) which belongs to AHq{U), r — 1, . . . , k — 1, j = 1, . . . , k — r. By 
changing the sum order, one can easily see that for all a, b > 0: 



K K 

^/i r (a6)/ fc _ r (x) = (a X h r (b) + b x h r (a)j f k - r (x) 



r=l r=l 



k r-1 

(4.16) + E k-iW 6 * lo ^ b ftr r+j \*)- 

r=2 j=l 

Since, in view of Lemma l4~T| a distribution f k -i G AHi{R) of order k — 1 

and distributions fk-r, fl-/^ £ *4Wi(M)o of order k — r, are linear independent, 
r = 2, . . . , k, j — 1, . . . , r — 1, relation (J4.16)) implies that for all a, b > 

/i 1 (afe) = a x hi(b) + b x hi(a) , 

h 2 (ab)f k ^ 2 = (a x h 2 (b) +b x h 2 (a^f k ^ + h 1 (a)b x \ogbfl k _- 1 \ 



h 3 (ab)f k - 3 = (a%(6)+& A /13(a)) / fc - 3 + E^^^ 



h k (ab)fo = (Affl+^lajj/o + E^HW^V'tf' 

Taking into account that the function — j^pc — ^jjpc is symmetric in a and b, 
it is easy to see that the last system has a non-trivial solution only if /^~ r '(x) = 

C/t-r fk-r(x), where C^iJ are constants, r = 2, 3, . . . , fc, j = 1, 2, . . . , r - 1. 
Thus in view of Lemma f4.1[ we obtain the following system of functional equations 

h^ab) = a x hi(b) + 5 A /ii(a), 

fr 2 ( a &) = a x h 2 {b) + 6 A /i 2 (a) + Cfj 2 1) /n(a)6 A log 6, 

(4.17) ^ 3 (a6) = a x h z {b)+b x h 3 {a) + Y,) =l Ctt 3) h^ 3 {a)b x log 1 b, 



h k {ab) = a A / ifc (6) + 6 A / ifc (a) + Eti 1 ^ )/i ^( a ) feAl °g' & - 



:r- 
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Consequently, the functions hj(a) = satisfy the system of equation 

h\(ab) = hi(b) + hi(a), 

h 2 (ab) = h 2 (b) + h 2 (a) + Ct' 2 1) hi(a)^gb, 
(4.18) h 3 (ab) = h 3 (b) + h 3 (a) + EU C t3 +j) h3- 3 (a)\o g n, 



h k (ab) = h k {b) + h k {a)+Y^Z\C^h k ^{a)\o^b, 

where hj(l) — 0, j = 1, 2, . . . , k. 

By changing variables ipj(z) = hj(e z ), where ipj(0) = 0, j = 1,2,..., k and 
a = e', b = e v , system ()4.18j) can be rewritten as 

MZ + v) = MO + Mv), 
(4.19) MZ + v) = M0 + Mv) + EU c k-T j) ^-A0v j , 



.r- 



Differentiating relations (|4.19|) with respect to rj and setting rj = 0, we obtain a 
system of differential equations 

m) = v4(o), 

m) = ^(o) + ct 2 1] MO, 

(4-20) $(fl = ^(0) + Cf„- 3+J V 2 (O, 



V4(0 = V4(o) + c£ty*-i(0, 

where ^(0) = 0, j = 1, 2, . . . , k. 

By successive integration it is easy to see that a solution of system ()4.20|) has 
the form 

r 

'■AO J>je, 

i=i 

where A 3 r are constants, which can be calculated, r = 1, 2, . . . , k, j — 1, 2, . . . , r. 
Since a = e^, if)j(z) = hj(e z ), then h r (a) = Y7j=i Allog* a and 

r 

(4.21) /i r (a) = a A ^^ r log J 'a, 

where v4£ are constant, r = 1, 2, . . . , k, j — 1, 2, . . . , r. 
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By substituting functions (j4.21j) into relation (|4.7|) . the last relation can be 
rewritten in the form ()4.7j) . i.e., as 

k r 

fk(ax) = a x f k (x) + a x 2J ^ A\ log J af k - T {x) 

r=l j=l 

k 

(4.22) = a x f k (x) + $> A lo S r aA-r(^), 

r=l 

where according to our assumption, distribution fk~ r {x) = Yl*j=r A T jfk-j{x) belongs 

to the class AHo(M), r = 1,2, ...,k. Moreover, in view of Remark l4.1[ f k - r (x) 
is a distribution of degree A and of order k — r (in the sense of Definition 14.11) . 
r = 1, 2, . . . , k. Consequently, fk{x) satisfies relation ()4.2|) . 

Thus, according of the induction axiom, the theorem is proved. □ 

4.3. Resume. In jHJ Ch.I,§4.1.] it was proved that in order to introduce an 
AHD of order k — 1, one can use Definition II . 21 instead of Definition (jl.3j) . Similarly, 
according to Theorem 14.21 in order to introduce a QAHD, instead of Definition 14.21 
one can use the following definition (in fact, Definition 14. 1|) . 

definition 4.3. A distribution f k e V(R) is called a QAHD of degree A and of 
order k, k — 0, 1, 2, . . . , if for any a > and (p G T?(K) 

k 

(4.23) (/*(*),¥>(-) ) = a x+1 (f k (x), tp(x)) + « A+1 lo S r a</*-r(*), ^)>> 

r=l 

i.e., 

k 

(4.24) / fc (ax) = a A / fe (:r) + ^ a A log r a/ fc _ r (x), 

r=l 

where fk- r {x) is an AHD of degree A and of order k — r, r = 1, 2, . . . , k. Here for 
= we suppose that the sums in the right-hand sides of (|4.23|) . (I4.24|) are empty. 

Thus instead of the term "distribution of degree A and of order k " one can use 
the term "QAHD of degree A and of order k ". 

According to Remark 14.11 the sum of a QAHD of degree A and of order k, and 
a QAHD of degree A and of order r < k — 1 is a QAHD of degree A and of order k. 

According to Theorems 14. H l4~2*l the class of QAHDs coincides with the Gel'fand- 
Shilov class AH (R). 
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5. Multidimensional QAHDs 

definition 5.1. (see Ch.III,§3.1.,(l)]) A distribution f (x) = / (xi, . . . ,x n ) 
from T>'(R n ) is called homogeneous of degree A if for any a > and tp 6 X?(lR n ) 

(/o,^,-,^)) = a A+ "(/o^(a;i,...,ar B )> 

i.e., 

/oCaarj, . . . , ax n ) = a x f {x u ...,x n ). 
Recall a well-known theorem. 

Theorem 5.1. (see jHl Ch. Ill, §3.1.]) A distribution fo(x) is homogeneous of 
degree A if and only if it satisfies the Euler equation 

Edfo , „ 
X >dx~ = A/ °- 
j=i j 

Now we introduce a multidimensional analog of Definition 14.31 and prove a mul- 
tidimensional analog of Theorem 15.11 

definition 5.2. We say that a distribution f k e V(R n ) is a QAHD of degree 
A and of order k, k — 0, 1, 2, . . . , if for any a > we have 

fc 

(5.1) fk(ax) = f k {ax u . . . , ax n ) = a x f k (x) + a A log r af k _ r (x), 

r=l 

where f k _ r (x) is a QAHD of degree A and of order k — r, r = 1, 2, . . . , k. Here for 
k = we suppose that the sum in the right-hand side of (j4.2j) is empty. 

Theorem 5.2. f k (x) is a QAHD of degree A and of order k, k > 1 if and 
only if it satisfies the Euler type system of equations, i. e, there exist distributions 
. . . , f such that 



3=1 " 



(5.2) 



dx 

fk- 

dxj 

3=1 



fe-1) 



^j-^ — AJk-1 + Jk-2, 
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i.e., for all Lp G V(M. n ) 



3=1 Xj 

n d 

fk-u^xj-^-^ = (X + n)(fk-i,(p) + (fk-2,<f), 

3=1 1 



n 



J'=l " J 



3=1 3 

Proof. Let / fe G X>'(R n ) be a QAHD of degree A and of order k. This implies 
that, according to Definition 15. 21 there are distributions fj, j — 0, 1, 2, . . . , k — 1 and 
fk-s-n s = 0,1,2, . . . , k — 2, r = 2, . . . , k — s such that 
(5-3) 

fk(axi, ax n ) = a x f k (x) + a x log af k -i(x) + J2t=2 flA lo £ r a fl-r( x )i 
fk-iiaxx, ax n ) = a x f k ^(x) + a x \ogaf k _ 2 (x) + Y!l=l flA lo g r aft-~i- r ( x )> 



k ~ 2 - Al^r.M) 



f k -2(ax 1 ,...,ax n ) = a A / fc _ 2 (x) + a x \ogaf k ^ 3 (x) + J2 r=2 a x \og r af t 



k-2-r 



X 



fi(axi,...,ax n ) = a x fx(x) + a x log a f (x), 
f Q (ax ll ...,ca; n ) = a x f (x). 

Differentiating (|5.3|) with respect to a and setting a = 1, we obtain system ()5.2|) . 

Conversely, let G P'(R n ) be a distribution satisfying system ()5.2|) . i.e., there 
are distributions fj G X>'(IR n ), j = 0, 1, 2, . . . , k — 1 such that system (|5.2j) holds. We 
prove by induction that is a QAHD of degree A and of order k. 

Let k = 0. This fact is proved by Theorem 15.11 

If k = 1 then the following system of equations 

n ^ f 



(5.4) 



dx 

i 

n 



E9fo . „ 



holds. Here, in view of Theorem 15.11 the second equation in ()5.4j) implies that fo is 
a HD. 

Consider the function 



0i (a) = • • -,ax n ) - a f ± (x) - a \ogaf (x). 
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It is clear that <7i(l) = 0. By differentiation we have 

(5.5) g[(a) = '^2x j ^-(ax 1 , . . .,ax n ) - Xa^f^x) - (Aa A_1 loga + a A_1 )/ (x) 

j=l 3 

Applying the first relation in (J5.4)) to the arguments ax\, . . . , ax n we find that 

^ d j~ A 1 

(5.6) x jT —(axi, . . .,ax n ) = -fi(axi, . . .,ax n ) + -fo{axi, . . . ,ax n ). 

L — ' oxj a a 

j=i j 

Substituting ()5.6|) into ()5.5|) and taking into account that ^f (axi, . . . , ax n ) = 
a A ~ 1 /o, w e find that gi(a) satisfies the differential equation 

(5.7) g'^a) = - 9l (a), 9l (l) = 0. 

a 

Obviously, its solution is gi(a)gi(a) = 0. Thus gi(a) = f\(ax\, . . . , ax n ) — a x fi(x) — 
a x \ogaf (x) = 0, i.e, fi(x) is an AHD of order k = 1, i.e., a QAHD of order k = 1. 

Let us assume that for k — 1 the theorem holds, i.e., if fk-i satisfies all the 
equations in ()5.2|) except the first one, then f k _i is a QAHD of degree A and of 
order k — 1. 

Let us consider the case k. Let the Euler type system ()5.2|) be satisfied, i.e, 
there exist distributions fk-i, ■ ■ ■ , fo such that ()5.2|) holds. Note that in view of our 
assumption, f k _i is a QAHD of order k — 1. 

Consider the function 

(5.8) g k (a) = f k {ax t , . . .,ax n ) - a x f k (x) - a x loga/ fc _i(x). 
It is clear that g k (l) = 0. By differentiation we have 

(5.9) g' k (a) = y^Xj — jaxt, . . .,ax n ) - Aa A_1 f k (x) - (Aa^Moga + a A_1 )/ fc _i(x) 



j= i - - o 



dxj 

Applying the first relation in ()5.2j) to the arguments ax\, . . . , ax n we find that 

^ d f A 1 

(5.10) ) Xj—(ax!, . . . ,ax n ) = -f k (axt, . . .,ax n ) + -/ fc _i(axi, . . . ,ax n ). 

^— ' OXi n " 



j=l - 3 



Substituting (|5.1U|) into (|5.9|) and taking into account that (in view of our assump- 
tion) is a QAHD of order k — 1, i.e., 



k-l 

(k-l) 



fk-iiaxx, . . . , ax n ) = a x f k _ x (x) + ^a x log r af^_ x 



r=l 



24 V. M. SHELKOVICH 

where fj^~^_ r (x) is a QAHD of order k — 1 — r, r = 1, 2, . . . , k — 1, we find that 
<7fc(a) satisfies the linear differential equation 

. jfe-i 

(5.H) ^(o) = -g k (a) + a ^ W *f££r(*), 9iQ) = 0- 

r=l 

Now it is easy to see that its general solution has the form 

<? fc (a) = V a x log r+1 a h - 1 - r \ X> + a x C(x), 
l — / r + 1 

r—l 

where C(x) is a distribution. Taking into account that <?i(l) = 0, we calculate 
C{x) = 0. Thus 

fc-1 Ak-i) i \ 

(5.12) ^(a) = ^a A log r+1 a^4^. 

z — / r + 1 

r=l 

By substituting (|5.12j) into ()5.8|) . we find 

(5.13) /fc(azi, . . . ,ax n ) = a x f k (x) - a x loga/ fc _i(x) + ^a A log r a-^ , 

r=2 r 

where by our assumption is a QAHD of order k — 1, and, consequently, f^_ r l \x) 
is a QAHD of order k — r, r = 2, . . . , k. Thus, in view of Definition 15 .2[ is a 
QAHD of order fc. 

Thus, according to the induction axiom, the theorem is proved. □ 

6. The Fourier transform of QAHDs 
6.1. The Fourier transform. The Fourier transform of <p G X>(IR n ) is defined 



as 



JM. n 



where £ • x is the scalar product of vectors x and £. We define the Fourier transform 
F[f] of a distribution Ch.II] 

(F\f\,<p) = (f,F[<P)), V^GD(M"). 
Let / G V'(R n ). If a 7^ is a constant then 

(6.1) F[f(ax)}(0 = F[f(ax h . . . , ax n )](£) = \a\- n F[f(x)} (1) . 

Theorem 6.1. If f E T>'(M. n ) zs a QAHD of degree A and o/ order fc ; t/ien its 
Fourier transform F[f] is a QAHD of degree —A — 1 and of order k, k = 0, 1, 2, . . . . 
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Proof. We prove this theorem by induction. 

If k = then using (j6.1j) and Definition 15. lj we have for all a > 

(6.2) F[f{x)](a£) = «^[/(^)](0 = cT^F [/(*)] (0, 

i.e., F[f(x)](£) is a HD of degree —A — n. 

Let fc = 1. Using (j6.1|) and Definition 15.21 we obtain for all a > 

F [/(«)] K) = a-F[/ (I)] (0 

= a" A -"F [/(«)] (0 - a~ x - n log aF [f (x)] (£), 

where / is a HD of degree A. In view of ()6.2|h F[/o](6) is a HD of degree —A — n, 
hence, according to Definition 15.21 F[f(x)](£) is an AHD of degree —A — n and of 
order k — 1, i.e., a QAHD of degree —A — n and of order k — 1. 

Let / be a QAHD of degree A and order k, k = 2, 3, . . . . By using (|6.1j) and 
Definition 15.21 for all a > we have 

F[/(x)](aO = a- n F[/(^)](0 

k 

= a- x - n F [/(*)] (0 + ^(-ira- A ^ log r aF [/ fc „ r (x)j (£), 

r=l 

where fk- r (x) is a QAHD of degree A and order k — r, r = 1, 2, . . . , k. 

Suppose that the theorem holds for QAHDs of degree A and order k = 1, 2 . . . , k— 
1. Hence, by induction the last relation implies that F [/](£) is a QAHD of degree A 
and of order k. 

The theorem is thus proved. 

Taking into account Theorem 14. II and Remark 14.11 one can prove this theorem 
directly by calculating the Fourier transform of distributions F(x± n log fc_1 x±) and 
x± log fc x±, where A ^ —1, —2, .... □ 

Thus F[AH (M)] = AH (R). 

6.2. Gamma functions generated by QAHDs. Consider the Fourier trans- 
form of homogeneous distribution x+, A 7^ —1, —2, . . . , which according to Theo- 
rem 16.11 is represented as 

(6.3) F[x x + m=C(Z + i 0)- x -\ 

where C is a constant and the distribution (x±iO) x is given by ()3.5|) . Setting £ = i, 
one can calculate that 

POO 

(6.4) C = i x+1 x x e- x dx = i x+1 T(\ + l). 

Jo 

Thus the factor of proportionality in (|6.3j) is (up to i x+1 ) the T-function, T(A + 1) = 

J °° x x e~ x dx. 
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In view of Theorem 16. II and Remark 14. 11 we have for A 7^ — 1, — 2, . . . 

k 

(6.5) F [4 log fc x + ] (0 = A *-itt + Z °)" A " 1 l °S k ~ j tt + *°)> 

j=0 

and for A = —n, n G N 

(6.6) F[P(x;Mog fe - 1 x + )](0 = ^S^r-'lo^Ce + iO), 

i=o 

where A,-, -Bj are constants, j = Here (£ + iO) _A ~ 1 log k ~^(^ + iO) and 

£ n_:L log 3 (£ + iO are QAHDs of order k — j and of degree —A — 1 and n — 1, 
respectively (we set (£ + z0) n_1 = £ n \ weN). 
Similarly ()6.4|) . we call the factors 

(6.7) Tj(X + 1; k) = r A ~ x \og j i A h 
and 

(6.8) Tji-n + 1; Jfe) = T" 1 log- 5 ' i 5, 

the associated homogeneous j — T '-functions of order and of degree A (A ^ —n) 
and —n, respectively, j = 0, 1, . . . , k, n 6 M. 

By successive substituting £ = z, 2i, . . . , (k + l)i into ()6.5|) and ([6.6)1 . we obtain a 
linear system of equation for A , . . . , and B , . . . , B k . Solving these systems, one 
can calculate associated homogeneous V -functions Tj(X + 1; k) and Tj(—n + 1; k), 
respectively. 

Now we calculate the T-functions in particular case k — 1. 
Let A ^ -1, -2, ... . According to $ Ch.II,§2.4.,(l)], 

F[4 logx + ] (0 = -^ A+1 r(A + 1)(£ + iO)-*- 1 log(f + iO) 

+z A+1 (r'(A + i) + ^r(A + i))(e + *o) 



-A-l 



This relation and f)6.7|) imply that 
(6.9) 



r^A + l;!) = -ifr(A+l), 



r (A + i ; i) = r'(A + i)+ifr(A + i). 

Let A = -1, -2, ... . According to 6,, Ch.II,§2.4.,(14)], 

F[x~ n ] (0 = -o^r- 1 log(e + iO) + a^r -1 , 

where 

_(») _ 
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Thus, in view of (|6.8|) . we have 

ri (-n+l;l) = -if^gr, 

(6 ' 10) r (-n + i ; i) = ^(i + | + --- + ^r + r'(i) + .f). 

Of course, formulas (|6.9|) . (jbMUj) can be derived directly. 
According to ()6.9|h ()6.10|) . we have 

r^A + l;!) = Ari(A; 1), 

r (A + l;l) = Ar (A;l) + r(A); 

and 

ri (- n + l;l) = (_ n ) ri (-n;l), 
r (-n + l;l) = (-n)r (-n; 1) - tf, 

where res A =-„r(A) = 

The other associated homogeneous T-functions + l;k) and r.,(— n + 1; k) 
can be calculated in the same way and their properties can be studied. But here we 
omit these problems. 
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